Chapter 17 — Differentiation and anti-differentiation

of polynomials
Solutions to Exercise 17A

48-32

1A d=
verage spee 53

16
? m/82

2 a f(x)=2x+5
Aw. rate of change:
fO-fO _11-5_,
3-0 3

b f(x)=3x>+4x-2
Aw. rate of change:
SO - =D _18-(=3)
2-(-1) 3

:—:7
3

2
C f(X):m'F‘I-

Aw. rate of change:

fD—-f& 45-6 1

7-4 3 2
d f(x)= V5—x

Av. rate of change:

f@-f0) 1-+5

4-0 4
5-30 25
3 a Av ralteofchange:2_(_5):_7
5-14 9 18
b Av.rate: — =~ = _ >
v S T s T T35 7

-3 12

A. te: :—:4
C V. rate 3_0 3

Sb-b  4b

d Av.rate: 2 -2
VI S —(—a)  3a

4 SO=L+-2t,t>0

S2)-850) 8
a Av. rate: >0 =5 = 4m/s
S@®H-85@) T72-8
b Av. rate: ) =
= 32m/s

5 $2000 dollars, 7% per year over 3 years
-1 =2000(1.07"
a I(3) = 2000(1.07°) = $2450.09

2450.09 — 2000
b Av. return = =

3
$150.03

300
6 dif) = ——

()= =="c+50,1>0
300
306
d(O):(SO—?):Ocm

d(10) = (50 - ) =31.25cm

Av. rate: = 3.125 cm/min

7C d3)=2m, d0) =0m
2
Av. speed = gm/s
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Exercise 17B 591

Solutions to Exercise 17B

1 y=x*+ x% chord from x = 1.2 to 1.3: Est. rate = 152-252 = _2.5°C/hr
_y(13)—y(1.2)  3.887 -3.168 20-16
T13-12 0.1
=7.19 5 Using chord x = 1.2 to 1.4, av. rate of
change
—( L1 ) . (14-12)
2 a “\14 12/ ¢
From 0 to 1200, av. rate = -5 0.714 — 0.833
T 1200 s 02' = -0.5952

~ 0.012L/kgm

b C(600) = 15L/min, C(0) = 5L/min. 6 y= VI6— 2, ~4<x<4
5-5 1 -0 =
W = 450, est. rate_m_@ , A
~ (0.0167L/kg m

3 y=10*
a Average rate of change over: -
—4 0 4 Xx
0.1] y1) —y0) _10-1
T 1 1 a Gradient at x = 0 must be zero,
=9 as a tangent drawn at that point is
horizontal.
ii
s y(0.5) — y(0) V10 -1 b x = 2; chord connecting x = 1.9 and
0, 0. . =
10.0-51 0.5 0.5 2.1.
~ 4.3046 y2.1) = V16 - 2.12 = 3.40
y(1.9) = V16 - 1.92 = 3.52
(0.1) — y(0) _340-3.52
iii [0,0.1]: % ~ 2.5893 Av. rate = S1-19 -0.6
b Even smaller intervals suggest the ¢ x = 3; chord connecting x = 2.9 and
instantaneous rate of change at x = 0 3.1.
is about 2.30 y(3.1) = V16 - 3.12 =253
y(2.9) = V16 -2.92 =2.76
Av. rat _253-276 _ 11
4 a T ~25°att= 16 hours, i.e. at 16:00. V-rale=—a"59 =&

b T(14) = 23°, T(10) = 9° (approx.)

O (o]
1710 =3¢/

¢ T(20) =15.2°, T(16) = 25.2°

7 y=x’andy = 4x - 4:
Est. rate =
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592 Math Methods AC Year 11

Graphs meet at (2, 4), where the line is a

tangent.

Gradient = 4 (= gradientof y = 4x — 4)

8 V=3+4t+2

a Av. rate of change from ¢ = 1 to

t=3:
V(3)-Vv() 41-9
3-1 2
=16
= 16 m’/min

b Est. rate of change at # = 1, chord 0.9

to1.1:
V(1.1)- V(0.9)  10.03 —8.03
1.1-09 0.2
=10
= 10 m*/min
9 P =32

a Av. rate of change from ¢ = 2 to
t=4:
PA4)-P2) 48-12
4-2 2
=18

= 18 million/min

b Est. rate of change at t = 2, chord 1.9

to 2.1:
PQ2.1)-P(1.9) _ 12.86—11.20
21-19 0.2
= 8.30

= 8.30 million/min

10 V=5x10°-10*2),0<t< 12

a Av. rate of change from 7 = 0 to

t=25:
V(5) - V(0) _ —3200 + 100
5-0 5

= —620 m*/min

i.e. 620 m?/min flowing out

b Est. rate of change at ¢ = 6, chord 5.9

to 6.1:
V(1.1)-Vv(0.9) -686+ 597
6.1-59 02
=~ —4440 m>/ min
i.e. 4440 m?/min flowing out

¢ Est. rate of change at = 12, chord

11.9to 12:
V(12) - V(11.9)  —409600 + 382200
12-119 0.1

~ —284000 m* /min
i.e. 284 000 m?/min flowing out

11 a y=x’+2x% chord from x = 1 to 1.1:

(L —y(1)  3751-3
T 11-1 0.1
=7.51
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b y= 2x3 + 3x;
chord from x = 1to 1. 1:
oY1) —y() 5962 -5
T 11-1 01
=9.62

c y:—x3+3x2+2x;
chord from x = 2 to 2.1:
_y2.D)—-y2) 8.169-3
T 21-2 01
=1.69

d y=2x-3x>—x+2;
chord from x = 3 to 3.1:
_y3.1)—y(3) 29.7-26
T 31-3 01
=37
(Using smaller chords give answers
which approach a7, b9, c2, d35)

12 Vv=x3

a Av. rate of change from x = 2 to
x=4:
V4)-V(2) 64-8
4-2 2
=28

Exercise 17B 593

b Est. rate of change at t = 2, chord 1.9
to 2.1:
V(2.1)-V(1.9) 9.261 -6.859
21-19  ~ 0.2
=12.01

2
13 a i -
m

~ 0.637

ii & ~ 0.9003

Vs
iii 0.959
iv 0.998

b 1
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594 Math Methods AC Year 11

Solutions to Exercise 17C

1 a ) Q+h*-16
_ 3 h 2 4 3 h _3 4 Gradlent: —_
Gradient = G+h)" +48+h) 2+h=2
3+h-3 16+ 324 +24h% + h* - 16
O+ 6h+h)+12+4h -3 = A
h _ 32h+ 24k + 1t
_—9—6h—h2+12+4h—3 - h
i h =32+ 240 + I
_T2h—h Hm(32 + 24h + h3) = 32
- h h—0
=-2-h
‘ 5 V=3r+4t+2
b lim(-2-h) = -2 VA +h) = V(1) =3(1+h)?* +4(1 + h)
+2-3n* —4h -2
2 a _ 232
Gradiont = GH I =3 +1)—4 ‘33;; +110(;f
radient = +
4+h-4 Chord gradient = m
16 +8h+h —12-3h—4
= A =3h+ 10
) Now let & — O for the rate of change.
Sh+h .
= The rate of change of volume at ¢ = 1 is
h s
10cm’/ min
=5+h
b lim(S+h) =5 6 P=1000+7+1,1>0
PB+h) -PB3)=CB+h?*-9+B+h) -3
_ 2
3 Gradient =6h+h”+h
_ 2
()= 2(x + ) — (2 = 2x) =Th+h
- x+h—x Th + h?
h ient= ————
X+ 2xh+ W2 2x— 20— X% + 2x Chord gradient = 37773
h =T7+h
2 _
= W Growth rate at # = 3 1s 7 insects/day
=2x+h-2

ImQ2x+h-2)=2x-2
h—0
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a

2x213 + xh* + h

lim

h—0 h
=1lim 2xX2h2 +xh+1 =1
h—0
o 3x2h=2xh* +h
lim
h—0 h
:}lin(l) 3x2—2xh+1=3x2+1

lim 20 — 10k = 20
h—0

30hx% + 2h* + h
im
h—0 h

:}lirr(l) 302 +2h+ 1 =30x% + 1

lim 5=5

h—0

_ 30hx® +2h% + 4h
lim —

h—0 ]’l
E%3QH+2h+4:3aﬁ+4

m (x+h)? +2(x+h) — (x> +2x)

li
h—0 h
2hx + h* + 2h
= lim shx+ v+ oh =2x+2
h—0 h
. (5+h)2+3(5+h)—40
lim
h—0 h
. 10h+h* +3h
=lim ———m88 —
h—0 h
=lim 13+h =13
h—0
(xR 2+ h)E - (P + 24P
lim
h—0 h
o 3x2h + 3xh? + WP + dxh + 21
= Jim I

:}lin% 3x2 +3xh+ h? +4x + 2h

= 3x% + 4x

9

10

11

Exercise 17C 595

y=3x>—x

a Gradient of chord PQ:
_ 33 +h?=1+h) -2

l+h-1
31 +2h+h)—1-h-2
B h

2 _
:6h+Zz h:5+3h

b Gradient of PQ when h = 0.11s 5.3

¢ Gradient of the curve at P =5

2
y==
X

a Gradient of chord AB:

2
2+h 1

T2+h-2
_2-(Q2+h)
 h2+h)
_ -h -1
ChQ2+h) 2+h

b Gradient of AB when
h=0.1=-048

1
¢ Gradient of the curve at A = )

y=x>+2x-3

a Gradient of chord PQ:
B Q+h*+22+h)-3-5
B 2+h-2
_4+4h+h*+4+2h-8
- h

6h + h?
= =6+h
- +

b Gradient of PQ when & = 0.1 is 6.1

¢ Gradient of the curve at P = 6
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596 Math Methods AC Year 11

12 Derivatives from first principles m 4(x + h)* = 5(x + h) — 4x* + 5x

fli

h—0 h
3(x + h)? — 3x? . 4x% + 8hx + 4h* — 5x — Sh— 4x* + 5x
a lim = lim
h—0 h h—0 h
3x% + 6xh + 3h? — 3x2 . 8hx+4h* —5h
= lim = lim
h—0 h h—0 h
6xh + 3h? =lim 8x+4h-5=8x-5
=lim — h—0
h—0 h
= lim 6x + 3h = 6x g
=0 320k )+ (et =34 2x—
. Ax+h)—4x h—0
b lim ———  =2x=2h+ 2%+ 2hx + B + 2x — 1
= lim
i 4h _ 4 h—0 h
T i —2h + 2hx + I?
0 h
. 3-3 =lim -2+2x+h=2x-2
¢ lim — =0 h—0
h—0
d 13 Gradient
2 a2 2.2
lim 3x+h)*+4x+h)—3-3x"—-4x+3 (e + ) — i
h—0 h = i h—x
6hx + 3h* + 4h SUC
= hl_I)I(l) n B X+ 4530+ 621 + 4xk? + Wt — x4
=lim 6x+3h+4=6x+4 B h
h—0
B 4x3h + 6x2h% + Axh® + h?*
2x+hP —4-2x*+4 B h
e lim
h=0 2 6hh2 - = 4x° + 6x°h + 4xh* + I
_ [y X OX lim(4x’ +6x%h + 4xh? + 1Y) = 4x°
h—0 —
= }lirr(l) 6x% + 6xh + 2h* = 6x2
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Solutions to Exercise 17D

d
1 Derivatives using —x" = nx""!
dx
d
a —(x"+4x)=2x+4
dx

b i(2x+ =2
dx

d

c a(x3—x):3x2—1
dl,

d E(ix —3x+4)—x—3

d
e —(5x° +3x%) =15x% + 6x
dx

d
f —(—x>+2x%) = =3x% + 4x
dx

2 a f(x)=x"2 - f(x)=12x"
b f(x) =37, f/(x) = 21x°
¢ f(xX)=5x . f(x)=5
d f(x)=5x+3," f(x)=5
e f(x)=3," f (=0
f f(x)=5x2-3x . f'(x)=10x-3

g f(x)=10x + 3x*,
S f(x) = 500t + 1243

1 1
h f(x)=2x*- §x3 - Zx2+2

S f(x) =8x° — X% — %x

3afx=x5.fx=6,.f10)=6

b f(x)=4x, . f/(x) = 20x*
S (1) =20

Exercise 17D 597

c f(xX)=5x, . f'(x)=5,.f1)=5

d f(x)=5x>+3, .. f'(x)=10x,
() =10

e f(X)=3,. f(x)=0,.. f/(1)=0

f f(x)=5x>-3x, . f(x)=10x-3,
L) =17

g f(x) = 10x* = 3x°,
s f(x) = 40x° = 9x2%, L /(1) =31

h f(x)=2x*- %x3, o f(x) = 8x° — X2,
L) =1

i f(x)=-10x = 2x? + 2,
s f(x) = =30x% —4x, . f/(1) = =34

4 a f(x)=5x, . f(x)=15x%
o f(=2) =60

b f(x)=4x% . f(x) = 8x,
S f(=2)=-16

¢ f(x)=5x=3x, .. f'(x) = 15x* = 3,
- f(=2) =57

d f(x)=-5x*-242,
o f(x) = =20x3 — 4x,
o f(=2) =168

5 a f(x)=x>+3x,.. f/(x) =2x+3,
L ffR)=17

b f(x)=3x>—4x, .. f'(x) =6x—4,
() =2

¢ f(x)=-2x*—4x,.. f'(x) = —4x -4,
S ff(3) =-16
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598 Math Methods AC Year 11

d f)=x—x, .. f/(x)=3x> -1, .'.%:48t2+16t—7
L) =11 dt
343 d
c T x:x2+3.'.—y:2x
6ay=—x.D- g x
Y= T
b =10 dy_o 8ay:x3+l,.'.@:3x2
Y= T dx
d i Gradientat (1,2) =3
¢ y=4x—3x+2, .'.d—y:12x2—3
X

ii Gradient at (a,a> + 1) = 3d°

|
d y= §(x —3x+6) b Derivative = 3x2

1

= §x3 -x+2
dy 9 a y=x>-3x>+3x
So— = x2 -1 dy 2
dx So—=3x"-6x+3
dx
e y=x+1Dx+2) :3(x+1)220
= 2 +3x+2 The graph of y = x> — 3x? + 3x will
dy have a positive gradient for all x,
L= =2x+3

dx except for a saddle point at x = —1

5 where the gradient = 0.
f y=2x(3x"—-4)

2
= 6x° — 8x by= 2 0 x20
dy 5 X
- L = _ d
..dx 18x 8 Z)Xizl’ x;to
5 4
_ 100+ 3 ¢ y=Gx+1)2=9246x+1
gy 5 S
3 L—=—=18x+6=63x+1)
=5x3+§x2,x¢0 dx
d
.'.—y:15x2+3x dy
dx 10 a y=x>-2x+1, .'.d—:2x—2
X
22 =1, y(2) =2
7 ay=(x+4)>=x>+8x+16
dy 2 dy
d_:2x+8 b y=x"+x+1, .'.d—:2x+1
X X
~y(0)=1, y(0) =1
b z=(@—-1Dt+1) p
2 c y=x>-2x '—y:2x—2
= (1622 =8t + 1)(t + 1) o
Sy(-1) =3, y(-1)=-4
=16 - 8> + 1+ 161> — 8¢ + 1 b YD
=16 + 8 -7t + 1 d y=x+2)(x-4)=x>-2x-8
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d
A2 o2

X
Ly3)=-5y03)=4

e y=3x>-2x .. Z—y = 6x — 6x°
X
Soy(=2) =28, y'(-2) =-36

f y=(@x-5)=16x>-40x+25
d
d—y = 32x — 40 = 8(4x — 5)

A 1
(=) =9.y(=) = —24
y(z) 9’y(2)

i f)=2x2—x, .. f/(x)=4x-1
S ff(H)=3
Gradierllt =1 wlien 4x-1=1
tx=s andf(i) -0

Gradient = 1 at (%,0)

11 a

1 1
ii f()=1+ §x+ §x2

2 1 7
’ — — 4 1) = —
S'(x) 355 S c
Gradient = 1 when —x + 3 =1
1/3 3 3 25
=3(3)=3 ;“dzfs (3)=T6
Gradient = 1 at (é_l’ 1_6)

iii f)=x"+x . f/(x)=3x*+1
s () =4
Gradient = 1 when3x*> + 1 =1
S~ x=0and f(0)=0
Gradient = 1 at (0, 0)

iv f(x) = x* - 31x,
oo f(x) = 4x° =31
Sy =-=-27
Gradient = 1 when 4x°> - 31 =1
A =32
Sox=2and f(2) = -46
Gradient = 1 at (2, —46)

12

13

Exercise 17D 599

Points where the gradients equal 1 are
where a tangent makes an angle of
45° to the axes.

d
—@B? -4 =6t-4
dt( )

d
— @ = x*+x%) = —2x+3x?
dx

d
6- 272 -7 = —4z - 47

= 4z + 1)

d
—@3y* —y’) =6y - 3y?
dy

=3y2-y)

d
d—(2x3 —4x%) = 6x° — 8x
X

=2x(3x—4)

d
—(9.82 - 21) = 19.6t -2
dt( )

y = x?, .'.@:2)(
) dx
Gradient = 8 at (4, 16)

y= X3, @ =3x =12, ..
i dx
Gradient = 12 at (-2, -8), (2, 8)
d
y=xQ2-x)=2x-x% .. d_y =2-2x
X

Gradient = 2 where x = 0, i.e. at
0,0)

Gradient = 0 where

3 i.e at(3 5)
x=-, ie. - ——
2’ 2’ 4
d
y:x3—6x2+4, d—y:3x2—l2x
X
Gradient = —12 where
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600 Math Methods AC Year 11

3x2 - 12x+12=0

d
) fy=x>-x° .'.d—y:2x—3x2

L2 _ X

LxT—4x+4=0 Gradient = —1 where
(x—22=0, .x=2 “3x2+2x+1=0

ie. at(2,-12) 32 -2x-1=0
BGx+DHx-1)=0

1

- .1

*=73
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Solutions to Exercise 17E

1 a

1 1
S+ - fX) _x+h-3 x-3
x+h—-x x+h-x
x=-3-(x+h-3)
x+h=3)(x-3)
h
_h »
(x+h=3)(x-3)
-1
B (x+h—3)§x—3)

N G Th—3)=3)  G-3p

1 1
fa+h) - f() _ x+h+2 x+2
x+h—x x+h—x
x+2—-(x+h+2)

xX+h+2)(x+2)

h
—h
X
x+h+2)(x+2)
-1
- (x+h+2)§x+2)

I o
0 (x+h+2)(x+2)  (x+2)

1 1
(x+h? x
xX+h-x
X% — (x + h)?
x + h)?x?
h
x> — x> = 2xh — I?
(x + h)*x?
—2xh—-h* 1
(x + h)*x2 % h
_ —2x-h
C(x + h)2x?

O+ = ()

x+h—x

Exercise 17E 601

im X —h 2
h—0 (x + h)2x> X3
b
1

JSx+h) - fx)  +h*

x+h-x  x+h-x
2 h 4
1 x*=(x+h)
A _ x+h)?x?
- h
B 2t — (0* + 4530 + 6x°KH + 4xh? + W « l
B (x + h)?x?
3 —(4x°h + 6x%h* + 4xh® + h*) o 1
B (x + hy*x* h
3 —(4x3 + 6xh + 4xh? + h*)
(x + h)*x*
lim —(4x> + 6xh + 4xh* + h¥) 3 _ﬁ
h—0 (x + h)*x* a8
4
S

1

h

d
3 a d—(3x‘2+5x_1+6):—6 35572
x
d (3 5 6
b a(;+5x)——;+10x
d(5 4 15 8
cwlmtet)=wn
2
d %(3x2+§x_4+2):6x—?0x_5
d -3
e d—(6x +3x)=—-12x"+3
X
1 d3x*+2 d( 2)
- f — = —(3x+—
h dx x dx x+x
2
)

4 z # 0 throughout

© Cambridge University Press 2016



602 Math Methods AC Year 11

d3z2+2z+4_ d(3+2+ 4)
dz 22 dz 7z 72
8

12z2+3z_ d(z 3)_1
"2

= —[= + —
dz 4z dz\2 4

d
d d—(9z2 +474+6z73)=18z+4 - 187"
Z

d
09— -2 =2 -3
¢ dz( ) ¢

iSz—3z2_d(5 3z) 3
5

f e
dz 5z dz 5

5a f/(x)=12x+18x% - x7?

b f'(x) =20x> — 8x73 — x72

1
6 f(x)= ix#0

y
A
0 > X
a P=(1,f(1));Q=(1ﬁh,f(1+h))
1+hz_1
PQ's gradient = +
1-1-2h-R
(1 + h)?
22—k
(1 +h)?

1
b f(x) = — has gradient of -2 at x = 1
X

7 ay=x2+x. y =-2x3+3x
2 47
LYQQ)=—+12=—
Y@ =-3 1
-2 2 2
by:x =l-—,)Y=75
X 5 l)c X
LY@ =—==
YW =1c=3
L 1 , 2 1
cy=x°"—-—-,.y=-—7+—

X 302
LYy =-2+1=-1

d y=x(x'+x*-x3)=1+x-x72
sy =3x2 +2x73

L yYy(1)=3+2=5

8 f(x)=x2, . fl(x)=-2x2x>0

1
a fl(x)=-2x3=16, .. x> = -3

1
LX=—=
2
4 3 3 1
b f'(x)=-2x"=-16,.. x =3
1
Lx==
2
9 f'(x) = —x? = —= <0 for all non-zero
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Exercise 17F 603

Solutions to Exercise 17F

1 fl—y = gradient 3 f)=20x-1y
X

J a f(x)=0, .. 2(x-1%=0
a d—y<0forallx

X x=1
b ﬂ>0f0rallx b ff(x)=4x-4=0, ".x=1

X

d ¢ f/(x)=4x-4>0, . x> 1

c d—y varies in sign
. d f/(x)=4x-4<0, . x<1

dy
d E>Oforallx e fl(x)=4x—4=-2
1
d =2, . x==
e 2 0torall x> 0and 2 <0 for =2 nx=g
X dx
allx <0
Gradient is uniformly positive for 4 a {x: h(x)>0)
b and d only. :{x:x<—3}U{x:§<X<4}
d b {x: W(x)<0
2 2o gradient: { (0 <0l
dx :{x:—3<x<§}u{x:x>4}
d
a cd < 0 for all x 1
dx ¢ {x: W(x)=0}=({=3, 5,4}
b Z—y < 0O for all x
X
d d
5a 2 <0forx<0 2 =0atx=0,
c ﬂ varies in sign fix a
dx 2> 0forx>0
dx
d Yy .
d 2 varies in sign T line y = kx, k>0 B
d
e j—y<0forallx b d—y>0f0rx<0andx>a>0,
X X
d d
add =0atx=0anda, —y<0f0r
dy dx dx
f — =0forall x O<x<a
X
Gradient is uniformly negative for a, -9 s acurve like a parabola
X
b and e only. y = kx(x — a) C
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c Z—y<0f0rallxexceptj—y:Oat e f/(0) >0} = fx: =1 <x<3)
x x
x=0anda, D {x: f/(x) <0} ={x: x< -1} U {x: x> 3}
{x: f'(x) =0} ={-1,3}
d @>Of0rx<a>0,@:Oat /
dx dx S () = —k(x = 3)(x+ 1), k>0
ﬂ>Of0rx>a, A y
dx A
d =f"(x
e y:—k,k>0f0ra11xso—y:0 F y=/"®)
dx
d _1/ > > X
Y
fy= ; = = E
y=kr+ek e>0s0 2 =k /0 \

6 a {x: f/(x)>0}={x: x<3}

{x: f'(x) <0} ={x: x> 3} d {(;2(;)3: 0
{x: f'(x) =0} = {3} y
S f(x)==k(x=3), k>0 A
y
A !
\ y=J (x)
5 > X
\ =/ (x)
> X
0 3\
7 a {x: ff()>0}={x: —1<x<1.5}
b fx)=1-x b {x: f'(x) <0}
S ff(x)=-1 ={x:x<-1}U{x: x> 1.5}
i ¢ [x: f/(x) =0} = {~1,1.5)
8 y:x2—5x+6,.'. Q =2x-5
dx
> X
0 a Tangent makes an angle of 45° with
—1 the positive direction of the x-axis
y=f"(x) .. gradient = 1
dy
c .'.d—:2x—5:1,.'.x:3

X
v¥(3) = 0 so coordinates are (3, 0).
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b Tangent parallel toy = 3x + 4
.. gradient = 3
d
d—y =2x-5=3,x=4

X
y(4) = 2 so coordinates are (4,2).

dy

9 y=x?-x-6,.. —=2x—1
y=x"—-x Ig = 2%
dy 1
—=2x-1=0,.. x==
adx X x=3
(1) 25 coordinates are
— | = —— so coordinates ar
N2)~ "%
(1 25)
27 4)
b Tangent parallelto x+y =6
.. gradient = —1
L dy

..d—:2x—1:—1, x=0

x
y(0) = —6 so coordinates are (0, —6).

10 a f(x) =sinx
1 (x)

A

1100 == (100

b f(x)=cosx

J(x)
A
Y//‘ //‘ X

£200 =4 (1))

Exercise 17F 605

¢ f(x)=2*
f1(x)

£200 =2 (£100)
— I )

11 a i 66.80°
ii 42.51°
b (0.5352,0.2420)

¢ No

12 y = ax®> + bx

a y2)=-2, " da+2b=-2
y'(x) =2ax+Db
V) =4a+b=3
b=-5 a=2

5 52 5
(3)=43) -3(3)
25 25 25
4 8 8
Coordinates are (Z, ——).
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Solutions to Exercise 17G

1 1
1 a f§x3dx:§x4+c

b f3x2—2dx:x3—2x+c

(g}

5
f5x3—2xdx:1x4—x2+c

4 1 2
d f—x3 —2x%dx = §x4— §x3 +c

5
e f(x—l)zdx:fx2—2x+1dx
—X—S—x2+x+c
3
1 2
f x(x+—)dx: x°+ 1dx
X
L S
= —X X C
3
g f 272(z - Ddz = f 273 —27%dz
_ 1 4 22
=t T3t te
h f(2t—3)2dt:f4t2—12t+9dt
473

:?—6t2+9t+c

i f(t—1)3dt:ft3—3t2+3t—1dt

= i—t3+3—t2—t+c
4 2
2 F(x) =4x> +6x% +2
f(x)=x4+2x3+2x+c
We have, f(0) =0
c=0

S f(x) = X227 + 2x

3

f(x) =6x
L f) =28 +¢
We have, f(0) =12
Le=12
L f) =25 +12

1
b —=3-x .'.y=3x—§x2+c

1
y0)=c=1, .'.y:—§x2+3x+1

d 1
c d—§=x2+2x, .'.y:§x

S+ +c

1
y(0) =c =2, .'.y:§x3+x2+2

d
d 1
d—z=3—x2,.'.y:3x—§x3+c
1
y(3):c=2,.'.y:—§x3+3x+2
d 2 1
e d—z:2x4+x, .'.y:§x5+§x2+c
2 1
y(0)=c=0, .‘.y:5)cs+§x2
av
—=t—-tt>1
dt g
a V() = t3—1t2+c
3 92
V(3):9—§+c:9
9
c==
2
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1000 100 9
b V(10)= —= - ==+~
1727

6 f(0)=32-1, . f=x-x+c
fD=c=2, " f(x)=x>—x+2

7 a Only B has the correct gradient
(negative) with the correct axis
intercept.

b d—W:ZOOO—ZOt, t>0
dt

w = 2000 — 102 +¢,t >0
w(0) = ¢ = 100000
sow = =10 + 2000z + 100 000
dy

1
8 E:S—x, .'.f(x):Sx—§x2+c

fO)=c=4, - f(x) = —%xz +5x+4

9  fx)=x*(x-3)=x"-3x

Sofx) = %x

f2Q)=4-8+c=-6, .

A

c=-2

S f(x) = %x“ - -2

10 f/(x)=4x+k, . f(x)=2x>+kx+c
a f[(-2)=-8+k =0
k=38

b f(-2)=8-16+c=-1, ..c=7

Exercise 17G 607

() =227 +8x+7
s fO)=7

Curve meets y-axis at (0, 7)

d
11 —y:ax2+1, .'.y:§x3+x+c

X
Yy()=a+1=3, .a=2

4
c==

2
DHD==+1 =3, .
y(1) 3+ +c 3

w2y = 23 4
LY@ =327 2+

26
3

12 ﬂ:2x+k, SY(B)=6+k
dx

a Tangent: y—6 = (6+ k)(x —3)
y=(06+kx-12 -3k
Tangent passes through (0, 0),
Sk=-4
b y=|2x—4dx=x>-4x+c¢

y3)=9-12+c=6,..c=9
Ly=x>—4x+9

13 f'(x)=16x+k

a yy(2)=32+k=0
k=-32

b f(x)= f16x —32dx

=8x—32x+c

f2)=32-64 +c= 1, ...c=33

s f(7) = 8(7)* = 32(7) + 33
=201
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14 f(x)=x% - fx) = %xS +c
f(2):§+c: 1, .‘.c:—g

s f(x) = %(f -5)
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Solutions to Exercise 17H
1 a lirr31 15=15

b lim(x-5)=6-5=1

3 7
li 3x—5)==-5=—-
c i Gr-9=3 5=
2
-2 =-3-2 5
1. — —_ ——
d im —=5=375772
o P+2t+1 (4 1)
e lim =
t—-1 r+1 r+1
= lim 1+1=0
t——

(x+272 -4 x*+4x
m =

fli
x—0 X X
:lil’I(l) x+4=4

-1 _ (—-D@E+1)

g lim

- t—1 r—1
:1in}t+1:2
11—

h hn%x/x+ =V12=23

2 _
R [T S S
x—0 X
i x-8 (x—2)(x2+2x+4)
im =
J -2 x—2 x—=2
:lin% X +2x+4=12

o 3x%2-x-10 (x-2)3x+5)
k lim =
=2 x2+5x—-14  (x=-2)(x+7)

Z=3x+2  (x-Dx-2)

11 _
Sl 2 —6x+5 (x—D(x-5)
T x—=2 1
= lim = -
—lx=5 4

Exercise 17H 609

2 a Discontinuities at x = 3 and 4,
because at x = 3, f(x) is not defined,
and the right limit of f(x) at x = 4
is not equal to f(4). (x =1isnota
discontinuity, although the function is
not differentiable there.)

b There is a discontinuity at x = 7,
because the right limit of f(x) at
x =7 1s not equal to f(7).

3 a f(x)=3xifx>0,-2x+2ifx<0
Discontinuity at x = 0: f(0) = 0, but
lir(r)1+ f(x) =0, linol_ f(x)=2

b f(x)=x>+2ifx>1,-2x+1if
x<1
Discontinuity at x = 1: f(1) = 3, but
Jim 109.=3 lim )= -1

¢ f(x)=—-xifx<-1
f)y=x*if —l<x<0

f(x)=-3x+1ifx>0
Discontinuity at x = 0: f(0) = 1, but

lim f(x) =1, lim f(x)=0

x = —1 is not a discontinuity, since
f=hH=1
dm, =1, Jim, =1
2; x<1
4 y={(x-4?2-9; 1<x<7
x-=17; x>7

Discontinuity at x = 1: y(1) = 0, but
lir{l y(x) =0, lirgl y(x) =2

x—1* x—1*

x =7 is not a discontinuity, since

y7) =0
lil‘% y(x) =0, lilgl+ y(x) =0
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Solutions to Exercise 171

1 a d Forallx, f'(x)=k, k>0
x |—-1]-0.5(02]0/02(05](1 y
ffx]+| 0 - 10+ |0 |- A
Y
A y=7"x)
ol ~ 7=r —
T T ) X O
-1 1
e f’(x) only exists for

{x: = 1<x<1}/{0}
For-1<x<0, f/(x) <0
ForO<x<1, f/(x)>0

) +]10]=10[+[0|—-]0|+ i .
At x =0, f’(x) is undefined since
Y f(x) is not differentiable at that point.
A y
A
0 / > X
-3 2\/4
> X
-1 0 1
¢ Forx<0, f'(x)=-k, k>0
Forx >0, f'(x)=k, k>0
At x =0, f’(x) is undefined since
f(x) is not differentiable at that point. f f’(x) is undefined at four points
y over [—1, 1] and is positive at both
A ends, alternating + to — between the
undefined points:
y=f)
[e
> X
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Y
A
—° a0 o—
T T > X
-1 0 1
O0—0 OO
fx)=-x>+3x+1 ifx>0
f(x)=3x+1 ifx<O0
S ff(x)=-2x+3 ifx>0
ff(x)=3 ifx<0
f(x) is differentiable at x = 0
because both f(x) and f’(x)
are continuous at that point.
Y
A
3
3
2 > X
0
y=/"x)
3 f)=x"+2x+1 ifx>1
f(x)=-2x+3 ifx<l1
S f(x)=2x+2 ifx>1
f(x)=-2 ifx<1

Exercise 171 611

f(x) is not differentiable at x = 0
because both f(x) and f’(x) are

discontinuous at that

point.

. f'(x) is defined over R/{1}

y
A
(1,4)
. > X
0 1
0(15_2)

4 f(x)=-x>-3x+1 ifx>-1
f(x)=-2x+3 if x < -1
Lf(x)=-2x-3 ifx>-1
f(x)=-2 ifx < -1

f(x) is not differentiable at x = —1
because both f(x) and f’(x) are
discontinuous at that point.

. f’(x) is defined over R/{—1}

y
A

> X

(_15_1)

(_1 > 2;\
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Solutions to Review: Short-answer questions

13_03
1 =1
2120
3F-13 26
b =— =13
3-1 2
2 a
f(x+h)—f(x)_3(x+h)+1—(3x+1)
x+h-x B x+h—x
3
h
=3
Iim3=3
h—0
b
f(x+h)—f(x)_4—(x+h)2—(4—x2
x+h—-x B x+h—x
_4—x2—2xh—hz—4+x2
B h
:—2xh—h2 3
h
=-2x-nh
lim-2x—-h=-2x
h—0
c
fx+h) - fx) (x+h)?+5(x+h) — (x* +5%)
x+h-—x B x+h-x

X2+ 2xh + h? + 5x + 5h— x* = 5x

h
_ 2xh+h? +5h
- h

=2x+h+5
}lirr(l)2x+h+5=2x+5

Sx+h) - f(x) x+h)3+x+h) - +x)
x+h—-x x+h—-x

P43 +3xh +x+h—-x —

h
_ 3x2h+3xh2 + h
B h
=3x" +3xh + 1
]1113(1)3x2+3xh+1=3x2+1

¢ Fa+m) = f(x)  (x+hP+2x+h)+1—(2+2x+ 1)

x+h—x
X A2xh+ R +2x+2h+1—-x2=2x—1
h

x+h—x

_ 2xh+h? +2h
=

=2x+h+2
}lin32x+h+2=2x+2

fx+h)—f(x) 3x+h)?—(x+h)-0Bx*-x)
x+h-x x+h—x
3x2+6xh+30° —x—h—-3x>+x
- h
6xh +3h* —h
D —
=6x+3h-1

limb6x+3h—-1=6x-1
h—0

y=3x>-2x+6

dy
L= =6x-2
dx o
dy
=5 .—==0
T dx

y =2x(2 — x) = 4x — 2x°

Cdy

o =4-4
dx o

y=4Q2x - D(5x +2)

= 40x* —4x -8
d

2 80— 4 =420x- 1)
dx

y=x+1DBx-2)

=3 +x-2
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Short-answer questions 613

dy

f y=x+D2-3x 6ay:x2—3x+1,.‘.d—:2x—3
X
=32 —x+2 dy
J d—:O, S 2x=3=0
X
.'.—y:—6x—1 3
dx x==
2
3 9 9 5
d - = - - — 1:——
ay=—x,.'.d—i=—1 y(z) 4 2+3 E
p Coordinates are (5, _4_1)
by=10, .2 =0
dx d
b y=x—62+4," 2 =32 12«
_(x+3)@2x+ 1D dx
- d
4 Y 12,532 - 12x = —12
12+7 +3 dx
=—x"+-x+-
27 47 4 K —dx+4=0
A (x-2)%=0, . x=2
dx 4 Y2)=8-24+4=—-12
d 23 -x2 2, 1 0 Coordinates are (2, -12)
A TE A "
dy 4 1 1 cy=x"—x, . —=2x-3x
d—y:§X—§:§(4x—1),x¢0 yd dx
* &, 324120
4 2 dx
X+ 3x 1,
€ y: 2x2 ZE-X +39 x¢0 3x2_2x_1:()
.Q_x %0 Bx+DHx-1)=0
Tdx 7 1
Lx=——,1
1 4
/ SIRERTR
ay=x-2x+1, .‘.d—y:2x—2 N73)7 27 y()l )
X
Atx =2, y =1 and gradient = 2 Coordinates are (_5’ ﬁ) and (1, 0)
b y=x*-2x 'ﬂ=2x—2 dy
Y * T dx d y=x>-2x+7. = =3x2-2
At x = -1, y = 3 and gradient = —4 dx
dy 2
d—:l,.'.3x -2=1
c y=(x+2)(x-4)=x>-2x-38 *
d 3x2=3, Sox ==l
d—y —2x—2 y(=1) = 8;y(1) = 6
X .
Atx =3, y = -5 and gradient = 4 Coordinates are (-1, 8) and (1, 6)
d
dy:3x2—2x3 '@:6X—6X2 ey:x4—2x3+1,.'.d—y:4x3—6x
X

x
At x = =2, y = 28 and gradient
= -36
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dy =0, ~4x-6x*=0
dx
) 3
2x°2x-3)=0, .. x=0, =
3 81 27 11
0= 15(3) =35~ 7 JRNT
) | 3 1
Coordinates are (0, 1) and (2, 7 6)
f
y:)c()c—3)2 = x> — 6x% +9x
d
L 32 12k 49 =302 —4x+3)
dx
dy

ECZO’ .'.x2—4x+3=0

x-Dx-3)=0...x=1,3

y(1)=4;y3)=0
Coordinates are (1,4) and (3, 0)

7 f(x)=3Q2x—-12=12x*-12x+3
Sf(x) =24x— 12 =12Q2x - 1)

a fx)=0,..2x—-1=0
x—l
2
b f(x)=0,.2x-1=0
_ !
)
¢ f/(x)>0,..2x—1>0
1
)
d f/(x)<0, . 2x-1<0
1
)

e (x>0, .32x-1*>0

{x:xe R\{%}}

f f(x)=3, . 24x—12=3
24x = 15

5
X=—

8
d

a Ecx'4:—4x'5
d

b ECZx‘3 = —6x7*

41 _1d 2
—_— - = ———X -
dx 3x? 3dx 3x3
d 1 4

d = - — = (4S5 =—

dx x* (=4)x x>
d 3 .15

(¥ 552—15)6 :—F
d x>+ x° d 2

f :—_2+ _1:————
dx x4 dxx o x3
d3x2+2x_d( 2)_ 2

g dx x? ~dx x) K2
d 2 2

h —(52——)=10 L2
dx x X o x2

y = ax® + bx
d

.‘.d—i}:Zax+b

a Using(1,1):a+b=1
Gradient =3:2a+b =3
La=2,b=-1

b @:O,.'.2ax+b:0
dx

L4x-1=0

X = —

4
y=2x>—x

_ (1)_1 1l
47874778
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Short-answer questions 615

1 1 / _ 2
Coordinates are (Z’_g) 12 f(x)=3x"-8x+3
f(x):x3—4x2+3x+c
10af%a’xz§+c a  f(0)=0,..c=0
S f(x) = x> —4x% + 3x
x2 X
b de—gﬁ'c b
) =0, . x(x—-1H)x-3)=x=0
3 3x2
cfx2+3xdx:?+7+c x=0,1,3

d f(2x+3)2dx:f4x2+12x+9dx B[ x [2]-1]0]2]3
f(x)

453
= — +6x*+9x+c

f 1, y=1'(x)
atdt = —at” + ¢

2

13 _ 1 4
f fgtdt— 12t +c

g 0 > X
f(t+1)(t—2)dt:ft2—t—2dt —\\/2

3

» < | T

(¢

1
3 2
— -t =2t +
3 C

14 a {x: (x)>0}={x: -1 <x<4}

f(Z—t)(t+1)dt=f—t2—l2+2dt b {x: h(x)<0)
1 1 ={x:x<-1}U{x: x>4}
=——t3—§t2+21+c

3 c {x:h(x)=0}={-1,4}

11 ffx)=2x+5
f(x):x2+5x+c
f3)=9+15+c=-1
c=-25
f(x) =x*+5x-25
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Solutions to Review: Multiple-choice questions

f2)-f(=2) 2x* + 942
1 g =222 7C y=22"7%
2-(-2) Y 3x
_ 22 +3(2) - 2(-2)* - 3(-2) 2 k0
2 - (-2) 3
16+6+16+6 .'.@:2x2+3'x¢0
= 4 dx ’
=11 8 A y=x>—6x+9
Ly b 6> 0ifx>3
2Dy:x3+4x,..d—:3x2+4 gy AT h=RIA=

X
LY (2)=12+4=16

9 E y=2"-36x"

3 B y=2x d
. 2(1 + h)? = 2(1)2 Ay P [ P 8x(x* - 9)
". chord gradient = dx )
h Tangent to curve parallel to x-axis
_4h+21? where
~h 8x(x* = 9)=0
=4+2h Sx=0, £3
4 E y=2x"-5x+2 d
Y ) IOAy:x2+6x—5,.'.d—y:2x+6
X
d_z = 8x° — 15x° Tangent to curve parallel to y = 4x

5 B f(x):xz(x+ 1) =2+ x?
Sf(x) =3x% +2x
Lf(-H)=3-2=1

6 C f(x)=(x-3P>=x>-6x+9
L f(x)=2x-6

where

dy
—=2x+6=4
dx o

L2x=-2<..x=-1
y=1) =(=1)?+6(-1)-5=-10
Coordinates are (—1,—10)
11 D y=-2x+3x>-x+1
Cdy

..a_—6x2+6x—1
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Extended-response questions 617

Solutions to Review: Extended-response questions

1 For x < —1, the gradient is negative, becoming less steep as x approaches —1.
For x = —1, the gradient is zero.
For —1 < x < 2, the gradient is positive, getting steeper as x approaches 0.5
(approximately) then becoming less steep as x approaches 2.
For x = 2, the gradient is zero.
For 2 < x < 5, the gradient is negative, getting steeper as x approaches 4
(approximately) then becoming less steep as x approaches 5.
For x = 5, the gradient is zero.
For x > 5, the gradient is positive and becoming steeper.

y
A

: ]

T | — T X
—1023\5/

1-1

2 P(x)=ax’ +bx* +cx+d

At (0,0), 0=0+0+0+d
d=0

At (=2,3), 3 = a(=2)* + b(=2)* + ¢(-2)
3=—8a+4b-2c (1)

At (1,-2), -2 =a(1)® + b(1)* + c(1)
—2=a+b+c (2)

P'(x) = 3ax* + 2bx + ¢
Atx=-2, P'(x)=0, ..0=3a(-2)*+2b(-2)+c
0=12a—-4b+c 3)
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3)-(?) 12a-4b+c=0

-a+b+c=-2

(H+2x(2) 1la-5b=2 @)
—-8a+4b—-2¢c =3
+2a +2b +2c = -4

6xX(4)+5x%x(5) —6a + 6b = -1 (5)
66a — 30b = 12
+ =30a+30b=-5

36a =7
7
- 6
61736 6)
Substitute (6) into (5) 6 %) +6b=-1
7
6b=—1+—
"5
1
b=— 7
36 (7)
Substitute (6) and (7) into (2) o Ly
ubstitute (6) a 0 =36t te
m-7-1
‘T T 36
_ 80
~ 36
20
9
7 1 20
H 7,1 -2
ence a 36’b T 9,a’ 0
7 1, 2
SO P(x):%xz’ﬁ-%xz—gox
1.1
3 a y:§x5+§x4
%:)64+2x3
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Extended-response questions 619

i Whenx=1, % =1*+2(1)°
=1+2
=3
tan @ = 3 where 6 is the angle required
6~ 71.57°
ii When x = 3, % =3*+2@3)°
=81+ 54
=135
tan6 = 135
0 ~ 89.58°
Consider Z—)yC =32
which implies x2xd =32
ie. a2 -32=0

The factor theorem gives that x — 2 is a factor
(x=2)(x> +4x>+8x+16)=0

i.e. ﬂ = 32 when x = 2.

X
So, gradient path is 32 when x = 2 km.

y=2+0.12x - 0.01x°

d

Y 0.12 - 0.0322

dx

At the beginning of the trail, x = 0
d
2012200302 = 0.12

dx

Hence, the gradient at the beginning of the trail is 0.12.
At the end of the trail, x = 3

d
& 012 -0.03(3)
dx
=0.12-0.27
=-0.15

Hence, the gradient at the end of the trail is —0.15.
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b

The trail climbs at the beginning and goes downwards at the end, suggesting a peak

in between (i.e. for 0 < x < 3) where the gradient will be zero.
dy

Gradient is zero where T 0
0.03x* = 0.12
=4
x==2

x=2as0<x<3

Atx =2, y=2+0.12Q2) - 0.01(2)3
=2+0.24 -0.08
=2.16

dy

From the above, — >0forx<?2
dx
d

and 24 <0QOforx>2
dx

Hence the gradient is zero when x = 2, i.e. 2 km from the beginning of the trail, and
the height of the pass is 2.16 km.

y=x(x—2)
= x> - 2x
dy
YD _ox-2
dx o
d
At (0,0) d—y = 2(0)-2
X
)
d
At (2,0) d—z —2(2)-2
=2

Geometrically, the angles of inclination between the positive direction of the x-axis
and the tangents to the curve at (0, 0) and (2, 0) are supplementary (i.e. add to 180°).
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b y=x(x—2)(x-Y5)
= x(x* = 5x = 2x + 10)
= x(x* = 7x + 10)
= x> —7x* + 10x

dy =3x>—14x+ 10
dx

d
At (0,0) d—yzl
X

[ = 3(0)* = 14(0) + 10
=10

d
At (2,0) ﬁ = m

m =732 -142) + 10

=12-28+10
= -6
d
At (5,0) d—z:n
n=3(5)?%-14(5)+ 10
=75-70+ 10
=15
rtr ottt .1
I m n 10 -6 15
_3—5+2
30

= 0 as required.

Jb)+c—(fla)+c)  fb)- fla)
b—a - b-a

=m

cf(b) —cfla) _ Cf(b)—f(a)
b-a B b-a

=cm

b

(/) - (=f@) _ fb) - fla)
b-a B b—-a

=—-m
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